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1 Fisher Information

Let pg denote a distribution over discrete X parameterized by 8 € R%.! For z € X, we write
lo(0) :=log pg(x)

to view the log probability of  under py as a function of 6.

Lemma 1.1.

B [VLO)] =0,
B, V0] = B [-ViLO)Vi0)]

Definition 1.1. The Fisher information matrix of 0 is

1(0) := Cov (Vi,(0),VI(0)) = E [VI,(0)VI,(0)'] = E [-V?,(0)]

T~peo T~po T~po

1.1 Cramér-Rao Lower Bound
Theorem 1.2. Consider any estimator 0 : XN — R of §. Assuming invertible 1(6),

-
Cov (6(2).6(2)) = (v E [é(@]) (N1(6) (v E [ém])

z~plY z~plY z~p)

An estimator is called efficient if the inequality is tight. Note that the lower bound simplifies to N=17(0)~! if 6
is unbiased since the Jacobian becomes the identity matrix. Notably, maximum-likelihood estimators (MLEs) are
asymptotically efficient (and unbiased), see Appendix B.

1.2 Natural Gradient

For any 0* € R, we write KLg-(0) = Dxr,(pe-
function of 6.

pg) to denote the KL divergence between pg+ and py viewed as a

Lemma 1.3. For any #* € R?,

V2KLg- (0%) = I(6%)

Corollary 1.4. For any 6* € R?, for all 6 infinitesimally close to §*

1 * * * 1 *
KLg- (6) ~ 5 (6" = 6)T1(67)(6" — 0) = 5 116"~ 6I7p1)

Definition 1.2. Let J: RY — R be a function differentiable at § with I(¢) = 0. The natural gradient at 0 is

ANC = T1(0)7'VJ(6)

LA continuous extension is given immediately by replacing sum with integral and assuming mild smoothness conditions that allow
interchanging the order of integration and differentiation.


https://en.wikipedia.org/wiki/Leibniz_integral_rule

Theorem 1.5. Consider any § € R? with V.J(6) # 04. Then ASIG can be seen as an approximation of

arg max v V.J(0) (1)

v: KLg (0+0) <3V IO)]12 4

(1) constrains the descent direction v by disallowing pg, from using more than B additional bits to encode the
behavior of pg, where B = (1/2) HVJ(G)H?(Q)_l can be seen as the amount of information in the gradient of J at 6.
In contrast with norm-based objectives, it allows progress by B bits regardless of the coordinate system; recall that
even Newton’s method is only invariant to affine transformations. While AGNG is only an approximation to (1), we
will see that it has desirable properties when used in the context of reinforcement learning. As an aside, Adam is
not natural gradient (Appendix C).

2 Policy Gradient Methods

Definition 2.1. A Markov decision process (MDP) is a tuple (S, A, 7, 7,7, 1) where S and A are finite sets of
states and actions, 7 maps any s,a € S X A to a conditional distribution 7(-|s,a) over S, r maps any s,a € S x A
to r(s,a) € [0,1], v € [0,1) is a discount factor, and p is a distribution over S.

Definition 2.2. A policy 7y parameterized by § € R? maps any s € S to a conditional distribution 7y (-|s) over
A. We write 5 (0) := logmp(als) and assume that it is smooth.

An MDP (S, A, 7,7r,v,u) and a policy my together define a random sequence of state-action pairs (s, a:)i2, as
follows:

e Sample an initial state sg ~ p.
e Fort=0,1,...,00,

— Sample an action a; ~ my(+|s¢) from the policy.

— Sample a new state s;11 ~ 7(+|s¢, a¢) from the MDP.

Definition 2.3. Given an MDP and a policy 7y, we define for any s € S,a € A (with the convention 0° = 1)

oo
Vs(0) = E Z’ytr(st, ag)|so = S‘| (value starting from s)
t=0
(oo}
Qs,q.(0) =E Z’ytr(st, at)|so = s,a0 = a] (action value of a € A starting from s)
t=0

A a(0) = Qs,0(0) — V4(0) (advantage of a € A starting from s)

> 7 (s =5

Given an arbitrary distribution p over S, we define

di(s") = (1-7)E

S = s] (occupancy probability of s’ € S starting from s?)

V,(8) = E [Vs(9)] (value from state distribution p)
s~p

df)(s/) = E [dg (S/)] (occupancy probability of s’ € S from state distribution p)
s~p

A policy gradient method takes local (gradient-based) steps on V,, to find

0" € argmax V,(0)
OcRd

This typically assumes stochastic policies so that V,,(#) is differentiable. In contrast, classical reinforcement learning
is concerned with learning a determinstic optimal policy, which reduces to the problem of estimating the value
function or the @ function (Appendix D).

Before we proceed, we give some useful identities.

2We can easily verify that this is indeed a distribution over S by the sum of the geometric series > 72 (v =1/(1 — 7).



Lemma 2.1. For any distribution p over S, for any g, ,(f) that is a function of s € S, a € A, § € R?

> 1
E '9s,.0,(0)| = —— E s.a(0
E gvg , ()] T Mézl)[g, (0)]
ar~Ty (-
Corollary 2.2. For any distribution p over S,
1
V,(0)=—— E r(s,a
(O =7 B, kol
a~mg(:|s)

Lemma 2.3 (Performance difference lemma). For any distribution p over S,

Lemma 2.3, often called the “performance difference lemma” (Kakade et al., 2003), expresses the difference in value
between two policies (0,0’) as the expected advantage under 6’ with respect to the actions proposed by 6. Note
that the difference is zero for (6, 6) since the expected advantage is zero.

2.1 Gradient Estimation
Lemma 2.4. For any f : R x S —» R,

o0

Z’yt (Qst,at (9) - f(ev st)) VlSt,llt (0)

t=0

VV,(0) = E

The function f is called a “baseline function” or “control variate” and used to reduce the variance. In particular,
if we set f(6,s) = Vy(s) we have

Nt 1
VVu(0) =E ZWtAst,at(e)VlshatW)] i E [As,0(0)Vis,a(0)] (2)
t=0 sy
ar~mg(-]s)

The utility of Lemma 2.4 is that it gives an expression of the gradient amenable to Monte Carlo estimation, often
referred to as REINFORCE (Williams, 1992):

REINFORCE
Input: MDP (S, A, 7,7,, ), differentiable policy mg, number of gradient steps R, length of sample sequence T, step
size 1, baseline function f : RY x S — R
Output: gradient-based estimation of " € argmaxycpa V. (6)
1. Initialize 6® € R%.
2. Fori=0,1,...R—1,
(a) Sample so ~ p and as ~ Tyi) (|5¢), St41 ~ T(+|st,at) for t =0...2T.

(b) Calculate

T

T
= (Z 7 <Z ¥ r(separs arper) — F6, St)) Vs ar (9<Z))>
t'=0

t=0

3. Return 0,




Note that we sample a trajectory of length 27" and at each step ¢ estimate Qs,.q, () by using the next T state-action
pairs. It is clear that the gradient estimator is consistent as 7" — oo (using the law of iterated expectations). It is
also clear that it has high variance (especially with large T'). A natural way to further reduce variance is to take the
average of estimates from K independent trajectories. REINFORCE is often used to optimize a degenerate MDP
with no state transition (Appendix E).

Aside from high variance, a more fundamental problem with REINFORCE is that the gradient can be “flat” almost
all the time. The state/action space is often large and most (s, a) pairs yield zero advantage. On the other hand, the
few (s,a) pairs that do have large advantage will never be sampled. This makes the gradient zero and no learning
will happen (i.e., we are stuck in a local optimum). To alleviate this one can consider various techniques, such as
warm-starting the policy from another task or forcing exploration by regularization (Section 2.3).

2.2 Preconditioning Ascent Directions
It is useful to consider the following generalized form of gradient ascent: for ¢ =0,1,... R — 1,

06D = 90) 4 P, (0)VV, (0) (3)

where 77 > 0 is a constant step size and P, () € R?*4 ig a “preconditioner” for the gradient of the value function
VV,.(0) at 0 € R%. We can consider various choices of preconditioner, yielding

P,(0) = Iixq (gradient ascent)
P,(0) = (VQV#(H))_l (Newton’s method)
P.(0) =1,0)" (natural gradient ascent)

where I,,(0) € R™? is the Fisher information matrix at ¢ for the given MDP and policy (assumed nonzero)

I,0)= E [Via(0)Visa(0)']
s~dﬁ
arvmo(-|s)
The objective V() is generally non-concave and either gradient ascent or Newton’s method is susceptible to local
optima. Remarkably, natural gradient ascent can give global convergence. Intuitively, I,(0) describes a local
geometry around € where the slope represents the policy’s predictive bias. By doing a change of coordinates that

removes this bias, we enforce exploration.

Compatible function approximation.

Lemma 2.5. Let AJS = 1,(0)*VV,(0) denote the natural gradient at 6. Then

2
1
ANC € argmin - E (As,a(ﬁ) - wTVlSAa(0)>
weRd SNdz 1-— y ’
arvmo(-]s)

The lemma gives an alternative variational characterization of the natural gradient: it is the best linear predictor of
the advantage where the input is the gradient. It also provides a way to compute the natural gradient by minimizing
this “compatible function”, which avoids computing the Fisher information matrix explicitly. It can be shown that
using an approximate minimizer of the compatible function as a substitute for the natural gradient still achieves
global convergence for any smooth policy (Corollary 4.23, Agarwal et al., 2019).

2.2.1 Case study with the softmax policy

Definition 2.4. A policy 7y is called softmax if it is parameterized by 6 € RIS/l ag

exp(fs.q)
wenexp(fs.ar)

mo(als) = 5

Lemma 2.6. Let 1y be a softmax policy. There exists an MDP such that V,,(6) is not concave in 6.



Lemma 2.7. Let my be a softmax policy. For any distribution p over S and any s,a € S x A, assuming I,,(6) # Ogxd,

9 1
aTwVp(e) = mdﬁ(S)ﬂ'g(aLg)AS’a(e)
[Ip(9)+vvp(e)} sa ﬁAs’a(e) + ¢5(0)

where ¢,(6) is some function of 6 and s independent of a.

Note that the gradient of 6, , vanishes even if the advantage A; () is large if my(als) is close to zero, whereas the
natural gradient has a constant advantage term. We have the following global convergence result, with a state-free,
sub-linear convergence rate. This is an immediate implication of Theorem A.4 in the appendix.

Corollary 2.8. Let 1y be a softmax policy. If 8 is the parameter value after taking R natural gradient steps
from an arbitrary 6(°) with some step size n > 0. Then

log |A] 1

VM(H(R)) 2 VM(Q*) - nR (1 _ 7)2R

In particular, for step size n > log|A| (1 — v)?, given any € > 0 if

2
R> 2
~ (1—mn)%e

we have V,,(019) >V, (6*) —e.

2.3 Regularization

Regularization is a natural way to enforce exploration, thereby addressing the flat gradient problem. In fact, the
following theorem states that any approximately stationary point of a KL-regularized value function V), is a nearly
optimal maximizer of V,,; this is despite the fact that V), is non-concave.

Theorem 2.9 (Theorem 4.13, Agarwal et al., 2019). Given A > 0, define
La(0) = Vu(0) =2 E_ [Dxr(Unifalmo(-|s))]
s~Unif g

If 6 satisfies ||[VLA(0)]| < A/(2|S]|Al), then

2.3.1 Conservative policy iteration

The performance difference lemma (Lemma 2.3) allows us to express the value of a new parameter ¢ in terms of an
old one 6 as

11—~ mo(als)

ano('|s)

Vu((b) — V#(g) + L 5¢ |:7T¢((L|S) As,a(g):|

where we additionally use importance sampling because we want to sample actions from 6 rather than ¢ (i.e.,
off-policy instead of on-policy learning, which can be extremely inefficient). However, the state expectation is still
with respect to the new parameter. To better exploit the old parameter, consider replacing df: with dz and define

1
@)= W0+ T B[540
arvro(ls)

This turns out to be a first-order approximation of V,,(0) at ¢ = 6 (Kakade and Langford, 2002): check easily that
Vio(0) = Vu(0)
1
VV,.0(0) = T }E()ie [A5,0(0)Vis 0 (0)] = VV,(0)

a~g(+]s)



TRPO

Input: MDP (S, A,7,r,7,u), differentiable policy 79, number of gradient steps R, length of sample sequence T,
baseline function f : R x S — R for estimating the advantage term, number of conjugate gradient steps G, trust
region size B, line search coefficient « € (0,1) and budget L

Update: each gradient update approximately solves (4) by the relaxation (5)

1. Initialize 6® € R%.
2. Fori=0,1,...R—1,
(a) Sample so ~ p and as ~ myi) (|S¢), Se41 ~ T(+|st,at) for t =0...2T.

(b) Estimate the gradient:
T o~ .
Vi(0") = 7" A0, (09) Vs 0 (07)
t=0

where A, a, O =31_, ’yt'r(stH/, arrr) — f(0, s;) estimates the advantage of a; at s.
(c) Estimate a symbolic mapping & : u +— V (VKL (0”) "u) from samples, for instance in PyTorch style

N
&(u) = grad grad( ZW log "6 (asls). detaCh()ﬁ(i)) u, 0V

Tyeiy (ae]st)

(d) Run conjugate gradient for G steps: AQNS) = ConjugateGradient (¢, VV,, (0)), G).
(e) Forl=0,1,...L,

i. Compute ¢+ = 9 4 al\/2B/§VM(0("))TA19\I(G) AL
ii. If

T
ST s 020 wa s Tl
' moe (ailse) TG+ (arlst)

accept the update and continue to the next gradient iteration ¢ + 1.

(f) (If this is reached, no feasible update has been found, so specify some termination protocol.)

3. Return 69,

Figure 1: The TRPO algorithm.

In conservative policy iteration methods, at each update we use an old parameter # € R¢ and find the next
parameter by optimizing this first-order approximation with a KL regularization. Specifically, let KLg(¢p) :=
E; s [Dkr.(mo(+]s)||me(+]s))]. We search for a maximizer of V), ¢(¢) subject to KLg(¢) < B:

¢'c argmax E [”“’(“) As,a(e)} (4)
SeRL: KLg(p)<B  s~d’ | To(als)
armo(]s)

The space of parameters satisfying the KL constraint is called the “trust region” and B is called the trust region size.
Natural gradient ascent can be recovered by a first-order approximation of the objective V), (¢) ~ VV,(0)" (6 — ¢)
and a second-order approximation of the KL term KLg(¢) ~ (6 — ¢) "1,(6)(0 — ¢) (Lemma 1.4) in the constraint
(both at ¢ = 0):

9 c arg max VVL.(0)" (0 — ) (5)
pERL: L(0—6) 1,,(0)(0—9)<B

where the solution is 8’ = 6 +n1,(0)"*VV,(0) with n = \/2B/VV,(0)T1,(0)~1VV,(0).

TRPO. TRPO (Schulman et al., 2015) proposes to optimize (4), but in the end it uses the approximation (5)
and is back to “just” natural gradient ascent with practical tweaks. First, note that naively computing the ascent



PPOAdaptiveKL

Input: MDP (S, A,7,r,7,u), differentiable policy 79, number of gradient steps R, length of sample sequence T,
advantage estimator E, number of inner gradient steps E, initial KL penalty weight 8o (e.g., 1), trust region size B
Update: each gradient update approximately solves (4) with a soft constraint

1. Initialize 8¢ € R?.
2. For:=0,1,... R—1,

(a) Run 7y to collect state-action pairs (so,ao) ... (sT,ar) and estimate advantages Adpay (09).

(b) Define
L e (at|st) = Toei) (at|st)
t|ot N 7 (3) t|ot
th 2 ASt,at(G())H?i(l*v)thlOg .
e PTOICAED) — 7 (a|st)
ﬁem(@

(¢) Take E gradient steps on J(¢) from ¢(© = 0. Set #U+D = ¢(&),
(d) (Adaptive step) If ﬁg(i) (9(i+1>) > 1.5B, set Biy1 = 20;; if ﬁg(i) (0(i+1)) < B/1.5, set Bix1 = (/2.

Figure 2: The PPO algorithm (KL).

direction AYC = I,(0)71VV, () would require O(d®) time/space and cannot scale to large models. It uses fixed-
iteration conjugate gradient to approximate AQNG in O(d) time/space. Conjugate gradient can be viewed abstractly
as a method for estimating © = A~ 'y given only a mapping z — Az which dominates its runtime. In this case the
mapping is particularly cheap to compute. For any function J : R? — R of @, the product of the Hessian V2.J(6)
and a vector u € R? can be written as

V2J(@0)u =V (VJ(0) u)

where the latter expression can be computed in O(d) time/space.® Since I,,(§) = V?KLg(f) (Lemma 1.3), we can
simply estimate KLg(f) and provide the mapping u — V(VKLg(6) ") to conjugate gradient to estimate AN.
Second, A(,NG is only an approximation to (4), so there is no guarantee that it will improve the objective or respect
the constraint. We can enforce this by explicitly choosing a step size based on line search, that is choose the largest
scalar multiplier that ensures (1) V, 4(0") > V,4(6) and (2) KLy(¢) < B. The TRPO algorithm is summarized in
Figure 1.

PPO. TRPO optimizes a specific approximation of the original objective and explicitly estimates the ascent
direction. A much more straightforward approach is to take gradient steps directly on (4) while “softly” enforcing
the constraint. This is PPO (Schulman et al., 2017). The first variant of PPO includes a KL penalty in the objective
and adaptively adjusts its weight based on the provided trust region size (Figure 2). The second variant of PPO
is based on clipping and even simpler to implement (Figure 3). Let clip}™¢ : R — [1 — ¢, 1 + ¢] denote the clipping
operation for a given value of €, that is clipj™¢(z) = min {max {z,1 + €},1 — €}. Instead of having an explicit KL
constraint, we now optimize

Zv min { T 0),ctinh s (T ) A0 (6)

Tg(at|8t)

where 0 is the reference parameter. Note that the objective is always a lower bound on the original objective (4).
From the perspective of gradient updates, this should be understood as step-wise term dropping. At each time
step ¢, the second argument is selected iff (i) the advantage is positive and w4 (ac|s:) > (1 + €)mg(ae|s:), or (ii) the
advantage is negative and 7mg4(a¢|sy) < (1 — €)mg(a¢|s¢). Since clipping results in a flat gradient, no update will
happen when ¢ tries to excessively amplify the advantage or reduce the disadvantage, disincentivizing exploitation.
As with REINFORCE, we can derive batched versions of TRPO/PPO by sampling K independent trajectories (an
embarrassingly parallel extension) and taking the average.

3In PyTorch, it would be grad(torch.dot(grad(J, theta, retain_graph=True)[0], u), theta).



PPOClipping

Input: MDP (S, A,7,r,7,u), differentiable policy 79, number of gradient steps R, length of sample sequence T,
advantage estimator E, trust region size B, number of inner gradient steps E, clipping parameter € (e.g., 0.2)
Update: each gradient update approximately solves (4) with a soft constraint

1. Initialize 6” € R.
2. For:=0,1,... R—1,
(a) Run 7y to collect state-action pairs (so, ao) ... (sT,ar) and estimate advantages Adpap (09).

(b) Define

ZW mln{ mo(arlse) Ay o0, (09, cliphte (M) Xshat(gm)}

T (a|st) Ty (at]se

(c) Take E gradient steps on J(¢) from ¢® = ) Set g0+ = ¢(E),

Figure 3: The PPO algorithm (clipping).

2.4 Advantage Estimation

In many reinforcement learning algorithms, we need to estimate the advantage term. Recall the definition: the
advantage of action a at state s under policy my is

Z’YtT(St»at)

t=0

Ae,a(e) = Qs,a(a) - V‘i(e) =

S0 = S,ap = a

(o)
Z’YtT(St» at)
t=0

where the expectations are with respect to states and actions drawn from the underlying MDP and 7y (e.g., the
old policy in conservative policy iteration).

S0 = s] (7)

2.4.1 Actor-critic

One approach is to introduce an additional parameter 6, which predicts an estimate Vy, (s) = V() for any state
s, and then use this to estimate the advantage. For historical reasons, the policy whose value is being predicted
is called an “actor” and the value estimator is called a “critic”. If (sg,aq)... (s, ar) are state-action pairs drawn
using policy my producing a final observed state spy1, the advantage at time step ¢ = 0,1,...T can be estimated as

T—t
Ay, (0) = > A" r(siper, are) +47 Vo, (s711) = Vo, (s1)
=0

Note the careful indexing: at every step we use only the given trajectory to estimate the corresponding advantage,
while appling the critic on sr11 to “bootstrap” the future (it is zero if syi1 corresponds to a null terminal state,
but in general may not be, e.g., due to truncation). The critic is trained along with the actor. A simplest way is to
minimize a regression loss term

T T—t 2
crltlc Z <V:9 St (Z ANA St+t’ at+t’) + 'YT_t+1V9v (8T+1)> )
t= t’'=0

2.4.2 Group relative policy optimization

While training a separate critic allows for a faithful estimation of (7), it can introduce a substantial compute
overhead. But when viewing PPO (6) merely as an objective to maximize (repeated here with no discount factor)

ma me{” T B O, clipl e (T ) B, (0)] 8)

mo(ag|st) o (ar|st)

we are motivated to drop the exact definition (7) and treat ES,Q(G) € R as a constant weight that captures the
“reward profit” of performing action a in state s. Shao et al. (2024) make additional observations that in practice:



e We sample N > 2 iid trajectories {(so7a(()j)) o %),a%)) M., ~ 7 to compute a batched estimate of (8)
anyway before making one update to ¢.

e We typically only get a sequence-level reward.

Importantly, the trajectories are all sampled from the same initial state s¢ (i.e., prompt), making them a “group”.
In (outcome-supervision) group relative policy optimization (GRPO), the advantage estimator is

rj— meanfil(rl)

stdeviy, ()

A\Sy)’a@ (0) = r; = sequence-level reward for trajectory j

for each step t in trajectory j. Note that all actions in one trajectory receive the same advantage. This estimator is
practical since it does not require a critic, can be computed instantly on the fly, and yields values with zero mean
and unit variance within the group.
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A Missing Proofs and Lemmas

Proof of Lemma 1.1. The expected gradient can be written as
\Y
B, 0= B [T - ¥ Vnle) =V Y pla) = V1 =0y
zeX

The expected Hessian can be written as

[pe(x)Wpe(x) - Vpe(x)Vpe(x)T}

T~po T~po pg(l‘)Q
_ 2 oy N VPo(@)Vpe(x)
= ;{V po(T) m;{ pe(l“)
— v2 p0 G)VZI (G)T
x;(po ;{ x)
= E [-VL(O)VLO)]

Proof of Theorem 1.2. Define [, (0) := logp}’ (z). Note that

E [Vi.(0)] = E_

ZL’Npe Z~py T~po

N
szmw)} =N E [Vi,(0)] =04

Thus

D>

Cov (é(@,Vll(H)) = E [

z~p} z~ply

@VLEO)|=V B |iw)]

z~ply
The last equality can be directly checked as follows:
i 9(O)] _ opy (z) 9 j
By {91-(@ 09, ]_ 2. o9, 0@ ao 2 mi( )= 96, .5 {Qi@)}
zeXN

L
£~Po 7 zexn

Furthermore, using the linearity of covariance and the fact that x has iid entries,
COYV (Viy(0),Viy(6)) = N Cov (Vi,(6), VI, () = NI(6)
TPy rpe
which is invertible since () is by premise. Thus by Cauchy-Schwarz (Corollary G.2),
Cov (é@),é@)) > Cov (é@),vzl(e)) Coy (VI,(6),VI5(6)) " Coy (vz 0), é(f))

z~p) z~pl z~p) z~pll

:
= (vz E, [ém]) (NI(6)) ! (vz E [é@c)})

Proof of Lemma 1.3.

KLg-(0) = E [l.(0%)] = E [l.(0)]

T~Po* T~ Po*
VKLg-(0) = E [=VI,(0)]

T~ Ppo*
V?KLg(0) = E [-V?1,(0)]

TPg*

Thus at 8 = 0%, by Lemma 1.1 and Definition 1.1:
VKLg«(0*) = E
Topg*
V?KLg- (0*) = E [-V?1,(0%)] = 1(6%)
T~pox*

[_VZJ (9*)] =04
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Proof of Theorem 1.5. Plugging in the local KL approximation in Lemma 1.4, we have the relaxed optimization

problem

3:

v VJ(6)

arg max

CH \\v||1(9>SHVJ(0)HI(9),1

This is just steepest descent with the I(#)-norm constraint, and the solution is A = I(6)~1V.J ().

[ |
Proof of Lemma 2.1.
Eg gsa Zda ZWG als )gs a(0)
s~d, sSES a€A
a~g(+]s)
-3 (1) B, 3 =l | S etlin0
ses o~ =0 acA
SEREN) 90 SR ) o TET)
so~p _t: sES a€A
=17 E |> "> ml aISt)gsha(G)]
o Lt=0 acA
= (1 - IY)S}E‘"V Z’ytgst,at (9)‘|
o~p | t=0
[ |

Proof of Lemma 2.3.

Vo(0) =V,(0") = E

so~p

= E

so~p

= E

so~p

L=~

Z V(s ar)

= V(0

oo

th
Zv
Zv
Zv (Qsyar (0

Staat +‘/5f( )7

Stv at + ’y‘/:?t+1 (0 ) - VSt (0/))

3t7 at +9E [Vst+1(6/)|st7a’t] - ‘/St (9/))‘|

Vi, (9’))]

Z 'ytASuat (9/)]
Lt=0

[As.a(6)]

swdz
arvo(-]s)

where the fourth equality is the tower rule and the final equality is by Lemma 2.1. To verify the equality with *,
pull V4, (#') in the expected sum outside and observe

S0~pP

> AV (0)
t=0

= E

so~p

)+ thVSt (0"
Zwt“%m ]

t=0

)+ E
s0~p

12
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Proof of Lemma 2.4. Pick any s € S. Note that
‘/;(9) = Z 7r0(a|$)Qs,a(9)
acA
By the chain rule,
VVa(0) = D Qual0)Vmo(als) + > mo(als)VQq.a(0)
acA acA

The first term can be written as

Z 7T9(a’|s)Qs,a(9)VIs,a(0> = E [Qs,a(a)VZs,a<9)]

acA a~g(+]s)
For the second term, note that

thr(staat)

t=0

oo
ZWHlT(sta at)

t=0

st,a(a) - VE = v E

So = S,ap9 = a
’ s/~ (t]s,a)

so:s’]:w E [VV(0)

s'~7(+|s,a)

S = 8‘|

Thus we can write

V.6~ E [Qs,aw)ws,a(mv E [vvs/w)]]:E

ar~o(-|s) s'~7(c]s,a)

Z ’thSt yat (G)VlSt ,at (0)
t=0

where we get the second equality by unwinding VV,, (6). Taking an expectation over s ~ p gives

VV,(0) = E

Z 'thSmat (H)Vlst#lt (9)‘|
t=0

Now, let f: R? x S — R be any function. Using its independence from actions,

E =E

ar~Tg(+]st)

> A £ (0, 51) Vs, 0, (0)
t=0

Y A fs) E [vzst,a(a)]]:o
t=0
Thus

VV,(0) = E

Y 1 (Qerac(0) = £(0,50)) Vi, a, (9)1

t=0
|

Proof of Lemma 2.6. We construct an MDP (S, A, 7, 7,7, 1) as follows. Let S = {s}, A= {1,2,3}, 7(s]s,a) =1
foralla € A, v =0, and p(s) = 1 with rewards

r(s,1) =1
r(s,2) =0
r(s,3) =1
so that
V) = B, | XA an] = mo(1]s) + (3]s
t=0

Define ; = (0,0, —0c0) and f = (—00,0,0) where oo is an extremely large constant. Then § = (6; + 65)/2 =
(00,0, —00) and the corresponding policies are g, (-|s) = (0.5,0.5,0), 7g,(:|s) = (0,0.5,0.5), and 7p(-|s)
(0,0.5,0) with values V,(01) = 0.5, V,,(62) = 0.5, and V,,(¢) = 0. Thus we have shown that

VH(Gl) + VM(HQ) SV (91 + 92)
n
2

2

13



Proof of Lemma 2.7. For any fixed s’,a’ € § x A, we have

0 L N
mls’,a’(e) = =snad =a]] —[[s" = s]]mo(als)

for all s,a € S x A. By Lemma 2.4,

) B . 0
895 “ P SOE"‘P Z,y Ast (lt 03 u St at (0)]
SO]:E"P Z,yt St =sNay = CL]] ASt,at (9) - S(E/P Z’Y St = S]] 7T9(CL| ) St,at (9)]

The first term 1is

sONp ZW s¢ = s Nay = al] A, a, (9)1 = s[)]%p ZVt [[st = s Naz = a] AS»“(@]
— t=0

= B, |2 o = sllmo(als)4.a0)
:soENlp ZVt ]We(éﬂ )As,a(6)

= TdZ(S)WQ(GJlS)AS@(Q)

The second term is
Z [s: = s]] mo(als)As, .a, (0)] = 7r9(a|5)5013~]p Z’yt [[s¢ = s]] As, a, (9)]
— t=0
S[)]*Ep 27t st = 5] a~7r§('|5t) [ASt7a(0)]‘|

=0
This shows the first equality. For the second equality, for any w € RIS/l and s,a € S x A, we can write

wTVlS@(G) = W4 — Cy

where ¢y := By wry(|s)[Ws,a’]. Thus

Ip(e)w = E [vzs,a(‘g) (ws a C;U)]

)

swdf)
a~mg(-]s)
Using (9) again, we have for any s’,a’ € § x A:
L Olaw = B | =0l o(0) (e — )
p sal = S,\,dz 5‘051,(1/ s,a s,a s
a~g(+]s)
= E ([s=srNa=d](wsa—c)]—m(d|s) E |[[s=5T] E [(wsa—cy)l
swdz s~df a~g(-|s)
a~ro(ls)

= dy(s")mo(a'|s") (W ar — )
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By Lemma F.1, I,(8)*VV,(0) € RISIAl is the unique minimizing w of

IVVo(0) = L(0)w|* = > (VVp(O)ls.a = [Lp(O)w)sa)?

s€S, ac A
1 2
= Z (1dZ(s)7rg(a|s)As7a(0) - df,(s)ﬂg(a|s)(ws7a — cﬁ“))
-
SES, ac A
1 2
= Z (dz(s)ﬂe(a|s) (As a(0) 4+ ¢¥ —ws a)) >0
1—v 7 )
SES, ac A

Hence I,(0)"VV,(0) satisfies: for every s,a € S x A,

1

+
[Ip(9)+VVp(9)]5,a = ﬁAs,a(e) + Cgp(e) VV,(0)
|
Corollary A.1. Let 7y be a softmax policy. For any distribution p over S, the natural gradient update at (%),
ol = 0@ 4 1,0 vV,(69)
is equivalent to the multiplicative update
1 .
o+ (als) = mp (als) Z,(00) P <1 iWAM(a(Z))) (10)
where Z,(0%)) = 32, c s moe (d/[s) exp(n/(1 — 7) As,ar (09)).
Proof of Corollary A.1 By Lemma 2.7,
00 = 00 + T Aea(0) +nes(69)
for some ¢,(6()). Exponentiating both sides and diving by the sum over A,
(als) exp (Q(HI)) exp (le,)l) exp (1 A ))) exp (nes(09))
Toti+1) (A|S) = i .
Y area XD (93;1)) Y e €XP <9£l,> exp (1’7 s.ar (00 )) exp (nes(09))
exp (agz,t)z) €Xp (%As,a (9(2’)))
Y oarcA €XD (9( ) exp ( Ag a0 (00 ))
exp(65.2) n_ @
Za//e,A CXP<9<i) ) P (1,7As,a(9 ))
o) o
>4 . (6@
S5 ep(o) o (5 An (00)
1 n ,
= Tye . Ag (0D
g al) e (1 Aal6) )
|

Lemma A.2. Let 7y be a softmax policy. For any distribution p over S, if 00+ = @) 4 51,(0@)+VV,(6?)), then

s~ p

V,(00H)) — v, (69) > 12 B [10g 2,(6)] = 0

where Z,(0)) = 3, c 4 o (a/[s) exp(n/(1 = 7) As.ar (01)).
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Proof of Lemma A.2 The nonnegativity follows since for any s € S and 6,

log Z,(6) =log | B {exp (777145,@/(9))] > T B [A,.(0)]=0

a’~mo(-|s 1-— - 1- Ya'~mo(-]s)

For the first inequality, note that by (10)

. - Z,(0)
Asﬂ(a(z)) _ Y lo Tg(i+1) (a|5) ( ) (11)
o (als)
Thus by the performance difference lemma (Lemma 2.3),
, , 1 ,
D)y _ 7 (9@ = [ () }
V,(8 ) —V,(6') T sNdEI"’“) As.a(0')
a~7f9(ip+1)('\8)

1 i 1 .

1 - [log Ty +1>(a|8)] L [log ZS(O(’))}
D s To @ls) | | famaglet

an ity (]8)

1 ,

>~ B [logZ,(0")]
ns~dl9)(i+1)
1-— ,

> —1 B [logZ,(6%)]

n e
where the last inequality follows by the definition of occupancy probability: for any p and 6,
d(s)=(1=7)D 7" Pr (se=5)2> (1~ 7'n(s) = p(s)
t=0  ay~mo(-]se) t=0
|

The following corolloary is due to the fact that V,(80+1) > V,(6®) for all ¢ by Lemma A.2.

Corollary A.3. Let 7y be a softmax policy. For any distribution p over S, if 0+1) = 00 4 yI,(0)+VV,(6®),
then for any R > 0,

=

-1
iy ;
Vo(00) 2 Vo(000) = = 37 v, (0%)

(2

Il
=)

Theorem A.4. Let 1y be a softmax policy. Let p be any distribution over S. If () is the parameter value after
taking R natural gradient steps from an arbitrary #(®) with some step size 1 > 0, for any § € RISIIAI

_log|A] 1

V,(0'%) > v, (6) R 1=7R

Proof of Theorem A.4 We upper bound V, () — V,(§)). Using Corollary A.3,

=

Vo(0) = Vy(0®) < 5 3" V() - V,(0) (12)

7

I
o

For each difference in the sum, apply the performance difference lemma (Lemma 2.3) and (11):

i 1 i
V,(0) — V(0% = i Ed" [AS,G(Q( ))}
anmo('ls)
1 770(7,+1)(a|5)] 1 ;
=—- E log 0 4 2 B |log Zs (01
N s~d [ & o (als) 7 s~d? [ 8 s )}
anmo(ls)
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Plugging this in (12), the upper bound is the sum of two terms. The first term is

1 -l 7T9(i+1)((l‘8) 1 Rl
> B, (o™l - LN B Dol (@ds)] - B, IDra(rols)limcen (als)

i=0 5~d2 (i) (a|s) v ; E,
a~g(-]s)
1
Kz (Mz D (moCls)l[mo (als)] = B, [Dicw(mo(:fs)lmocm <a|s)>1>
1
< nT%sE:i,’; [Dx1(mg(+]8)]|ma (a]s))]
< log | A
S TR
The second term is, by Lemma A.2,
= ) -
- ('L) < (i+1) _ (2)
R o s 20 < (=R & ) = Va6
1
= (R)y _ (0)
(I-7R Vag (07%) — Vas (6 ))
1
Vo (60
Saopr )
1
=T R

What is mind-bending about the proof of Theorem A.4 is that we are not using any special property of the target
0. The convergence follows from the fact that the natural gradient updates never decrease the value function
(Lemma A.2), and the specific form of the updates allows us to (1) write the advantage (which we get by invoking
the performance difference lemma) as a difference between consecutive KL terms plus a log partition function, (2)
upper bound the log partition function as a difference between consecutive values—no matter what state distribution

we consider (Lemma A.2). The difference of consecutive terms leads to telescoping cancellation.

Proof of Lemma 2.5. The objective

Jw)= E [(ﬁAs,aw)—wTvzs,&(@))Q]

0
s~d”

a~Tg(+]s)

is convex in w, so we can solve for a stationary point that satisfies

1
VJ(w) = —2 B KMAS,Q(G) - wTVl&a(@)) vzm(e)]
anemo(-]s)
1
7= B, M@V~ B, [Visa(0)Visa(6)"Jw | =04
a~g(+]s) arvmg(+|s)
VV,.(0) 1,.(0)

where the first underbrace is by (2). Solving for w gives

w=1,(0)7VV,(0)
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B Maximum Likelihood Estimators (MLEs)

Let © C R? denote a parameter space specifying an associated set of distributions py over X' for § € ©. The usual
statistical setting is that there is some target distribution py, we want to estimate by drawing samples from it.
Given N iid samples z ~ pj' , an MLE is defined as

N
- 1
OvLe(z) € argmax — log pe(z;
E(2) g N;:l g po(Ti)

An immediate property from cross entropy minimization is that as N — oo we have Poriis () = Poo- However, we can
endow stronger properties by assuming certain conditions, for example an identifiability condition that says 6 = 6’
iff p9 = pyr and other regularity conditions. With such conditions, it is possible to give the following extremely
strong statement:

Theorem B.1 (Asymptotic optimality of MLEs). With mild regularity conditions, as N tends to infinity in z ~ p@NO

v (z) 4 N(bo, N~'I71(9))

Thus an MLE is normally distributed with mean 6y and covariance N~1I=1(#) where the randomness is with
respect to N iid samples, as N — oo. This in particular means that it is unbiased and efficient (Theorem 1.2).
Non-asymptotically this is not necessarily the case. For example it can be biased with finite sample (Example B.2).
But an MLE is usually difficult to outperform even with finite sample unless we exploit a special property of the
model structure (e.g., method of moments).

Example B.1. Let © = (0,1) and ps = Ber() over X = {0, 1}, that is
po(@) = 0%(1 — )1
Denoting [,.(0) := log pg(x) = xlog 8 + (1 — ) log(1 — 6), we have
r@)=x0"' —(1—-2)1-6)""
O)=—-202—(1—2)(1-6)2

and thus the Fisher information “matrix” is given by

1 1 1
I = E =" = — " — (1 — 4 = — - = —
0) = E [-@0)]=-0x10) - (1-0)x(O) =15+ 51 —0)
Now consider the MLE objective given z € {0, 1
N
J(0) = Zazz log 0 + (1 — z;)log(1 —0)
i=1

This is a sum of concave functions* and hence concave, so to find a maximizer we can just fine a stationary point
satisfying J'(0) = 0 or

N N N N N N
Doim1 T _ Doimy L@ 1-6 Doimi - (:)1_ D lowmi Y@ PN Doim T

0 1-6 0 SN o SNz N

i=1%i

Thus Oypp(z) = (l/N)(Zfil x;). It is non-asymptotically unbiased; for any target 6y € (0,1)

€T = _— = x| =
z~pg MRS z~pg N T~Pag 0
It is also non-asymptotically efficient:
. SN 1 9(1—0) 1
\ (9 ) _ ovar (=) Ly, _ _
ok \elz)) = Vo ( N Vo (0= =N = N

“log(1 — ) is concave it is a composition of a concave (log) and an affine function.
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Example B.2. Let © =R x (0,00) and py = N (61, 602) Gaussian with mean 6; and variance 6, over X = R:

po(a) = —— exp(-<x_91)2>

\/271'92 202
We have
(1‘791)2 1 1
(01, = ] — —log(2
1201, 02) 20, 5 og b 5 og(2m)

This is clearly concave in ;. It is not concave in f2.> But we can use the change of variable z := 1/63 which yields

(x —01)%2

lx(ﬁl,z):— D)

1 1
=1 — —log(2
+ 5logz— 5 og(2m)
This is now clearly concave in z. Once we estimate z, we can recover o = 1/z. With this in mind, let us consider
the MLE objective given z € RY using the change of variable and ignoring the constant:
N

N i —01)2
J(Ol,z):glongzu

4 2
=1

Since this is concave in #; and z, we can identify maximizers by finding stationary points:

) Y SN
— = ; —_— = :77;:1 ?
891J(91,Z) 1:21(.’131 91)2 0 = 01 N
N
2 50n2) f*—Z '_91 =0 o R
0= il (@i = 01)?

The stationary point 6; = (1/N) ZZ 1 z; does not depend on z, thus the MLE for 6, = 1/z is

N @ 2
92MLE Z( ]>

Direct calculation shows that

B [nsto)] = (55 )

Thus the MLE is non-asymptotically biased. However, we see that the bias vanishes as IV becomes larger.

C Adam is Not Natural Gradient

It is now standard to use Adam (Kingma and Ba, 2014) to estimate a model py of pop by minimizing cross entropy
J(0) := Ezpop|—Ix(#)]. The Adam update is

~

~1/2
=00 —yding (B (VLO©VLOI) B (7.0)

T~pop T~pop

where ® is the element-wise multiplication and the hatted expectations are empircal estimates based on moving
average. Specifically, at step t with z; ~ pop we estimate E;pop[ViL(0) © VI,(0)] b

. 1 .
8 = T agg7 (0-9999—1 + 0.001VL,, (6) © Vi, (6)) +0.00000001
1z(01,62) is concave at O iff
9? (=0 )2 1
>0, 1z(61,02) = 951 +@ <0 & 03 < 2(z — 61)?

otherwise convex.
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where 09 = 04. The estimate for Egpop[Viz(6)] is similar. Despite superficial similarity to the natural gradient
I1(0)='VJ(0), there are many differences such as using a diagonal approximation of the outer product and taking
the inverse square root. But the most important distinction is

E [VIL.O)VIL(0)']# E [Vi(0)Vi(0)'] =1(0)
z~pop x~po
Thus the preconditioning term cannot be called a diagonal approximation of the Fisher matrix; see Kunstner et al.
(2019) for more discussions. It seems best to view Adam simply as what it is: for each parameter 6;, subtract a
bias-corrected moving average of its gradient normalized by a bias-corrected (and smoothed) moving average of its
uncentered standard deviation.

D Classical Reinforcement Learning

Classical reinforcement learning considers the problem of finding an optimal deterministic policy 7* in a finite MDP
(so the only randomness, if any, comes from state transitions). We can then reduce the problem to estimating a
table of maximal expected future rewards, either V* € RIS! or Q* € RISIXIAl where

o0
V= E t = = E |
o = Max, ;7 r(s¢,as)|s0 = 8 max r(s,a) + ’YS’NT(~|s,a) \M
o0
Q= o, B S rtrlsanro = 5,00 = ] =ty Bl Qi

because we can easily extract 7* from these tables by 7*(s) = arg max, Q; , = argmax, r(s,a) + YEyr(|s,a) V]
Each of the second equalities follows from the definition of optimality and provides a fized-point characteriza-
tion of the optimal table under some transformation ®. The transformation is vy-contracting (easy to check):
|2(U) = (V)| <7I|IU—-V||. If U* is a fixed-point under a ~-contracting transformation ®, we can recover
U* by arbitrarily initializing U(®) and iterating U*+t1) = &(U®) since

oo -0

_=|[ewt ) — o)

R

<At HU(O) _U*

o0

Thus U® — U* as t — oo. A similar iterative scheme can be used to recover the value function associated with a
particular policy 7 since

Vir) = E v <w>1} (13)

s’ ~1(¢]s,a)

Z’Ytr(st’atﬂso = s] = E [r(s, a) +

P a~m(:|s)
and thus V(7)) € RIS! is again a stationary point of some y-contracting transformation ®.6

D.1 Value Iteration and (Q-Iteration

Given the above discussion, it is clear that we can recover V* by initializing V(©) = 0js) and setting

VD = max r(s,a) + v Z 7(s']s, a)‘/;,(,t) VseS (14)
acA e

We can also recover @* by initializing Q(*) = 0|55 |.4| and setting

Q8 =t 42 Xt (g 02 wesees 0

e A
s'eS

6The iterative update can be seen as simply expanding the definition step by step. To see this more clearly, consider a deterministic
policy 7 : s — a and deterministic state transition 7 : (s,a) — s’. Then the iteration (13) at step ¢ is

VO () = r(s0,00) + 4V () = r(s0.a0) + 7 (1,01 + VD () = 3 o (o)
/=0

where sg = s, ar = 7(st), and sg41 = 7(s¢,at). So clearly V() (7) — V(7).
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D.2 (@-Learning

Both (14) and (15) need access to the reward function and/or state transition probabilities (“model-based”). In
contrast, @-learning is model-free. In @-learning, at each iteration ¢ we choose a state s; € S randomly and then
(potentially for many times) select action a; € A by e-greedy exploration using the current Q7, observe reward
r(s¢, a;) and the next state s;41 ~ 7(+|s¢, a¢) from the unknown MDP, and update

Qsya, < (1 - U)Qs,s’at +n (r(st, at) + 731682\( Qrswl,a)

Note that setting = 1 corresponds to estimating (15) with a single sample. Q-learning is an example of “off-policy”
learning since the update does not depend on the current policy.® Standard tools in stochastic approximation can
be used to show that @) converges to Q* if we anneal n — 0 at an appropriate rate. Since the update is equivalent
to

Qst,a, — Qst,at + n (T(Sta at) + '}/Igleaj( qurl,a - Qst,at)

Q-learning can also be viewed as gradient descent on a per-step squared error loss: at each step, for a given
state-action pair (s,a) a sample of the next state s’ ~ 7(:|s,a) is drawn to define

2
J(Qs,a) = % ((r(s,a) +71;neaj<62s/,a> - Qm) (16)

D.2.1 Deep Q-Learning

The per-step objective formulation of Q-learning (16) is particularly useful as it trivially admits neural extensions.
Now @y is a differentiable function which maps s € S to a vector of action values Qy(s) € Rl For example, in
deep Q-learning for Atari games (Mnih et al., 2013), each state s € R84*84X4 represents gray-scale images of the
playing area of the past 4 frames and each action a € A is one of 4-18 available game-specific actions. The game
environment provides an initial state sy and a deterministic mapping from the current state-action pair (s¢,a:) to
a reward r; (1 if the game score increased, —1 if decreased, 0 otherwise) and the next state s;y1. The model is
learned by playing the game with an experience replay mechanism; starting from ¢ = 0, we get (s¢, a, 7, St+1) at
each step (the action a; is selected by e-greedy exploration using the current model where € is annealed from 1 to
0.1) and store it in a bounded leaky buffer, repeating this until we get a terminal state for s;11 (then restarting the
game). Then for an actual update we sample a random minibatch B of recent memories from the memory buffer
and take a gradient step on

S ([ rmag@utecan) - @atool)

(st,a¢,m¢,5¢+1)EB

with respect to 6. Here @y is parameterized by a CNN (it actually uses the previous state-action pair as well as
the current state as input). The update is made every 3 or 4 frames.

D.3 Policy Iteration
The performance difference lemma (Lemma 2.3) says that for any policies 7, 7':

Vule) =Valm) 4 1 B [Ava(m)

a~m’(+]8)

In particular, if 7 satisfies Eqwrs(.|s)[As,a(m)] > 0 for every s € S, we have V,(7') > V(7). One way to achieve
this is to set 7'(+[s) a point mass distribution such that 7'(ay ,|s) = 1 where a} ; = argmax, A, () (ties broken
arbitrarily) since then

[As,a(m)] = max Asa(m) 20

a~7!(-|s) ac

"That is, we set a; = arg max, ¢ 4 Qs;,a With probability 1 — ¢ and we set a: € A randomly with probability ¢, for some € € [0, 1].
81f we replace max,e.4 Qs y 1,0 With Qs,,;,a,,, Where a;y1 is drawn using the current learning policy, the algorithm is on-policy
and called SARSA.
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Thus as long as there exists a reachable state s with an action a that has a positive advantage under m, we have
V,.(7') > V,,(). This yields policy iteration: initialize 7(*) and for t = 0,1, ...

1. Policy evaluation: Calculate V(7)) € RISI by (13).

2. Policy improvement: Define 7(**1) to be a deterministic mapping from each s € S to

argmax r(s,a) + 7y Z 7(s'|s,a) Ve ()
acA s'eS

E Single-Step REINFORCE

Consider a degenerate “MDP” (S, A, r, 1) in which there is no state transition. That is, we sample a state s € S from
1, sample an action a € A from 7y (+|s), and get a reward r(s,a). In this case the objective and its REINFORCE
gradient with control variate f : R x S — R are

There is no agent exploring different states for long-term rewards, but we simply wish to optimize an objective
which is an expectation with respect to the model itself. This is a common setting. For instance, in unsupervised
parsing p might be a distribution over sentences, my(-|s) is a parser that proposes a parse tree for a given sentence
s, and the reward is the log likelihood of sentence-tree pairs under some model (Kim et al., 2019). A multi-sample
version of REINFORCE is given below for concreteness where we use f(6,s) = V,(0).

REINFORCE-DEGENERATE
Input: distribution p over states S, differentiable policy 7y that defines a distribution over actions A given a state,
reward r : A — [0, 1], number of gradient steps R, number of samples K, step size 7
Output: gradient-based estimation of 0* € argmaxgepa Egnp, ammg(-]s)[7(5, @)]
1. Initialize 6.
2. Fori=0,1,...R—1,
(a) Sample s ~ p and a1 ...ax ~ Te0) (+]s).

(b) Calculate

==

Uit — g(® +7 (

g r(s,ar) — 71_ E r(s,ax) | Vis,a, (9“))
K—-1
I#k

k=1

3. Return 69,

F Least Squares and Pseudo-Inverse

Definition F.1. The pseudo-inverse of A € R™*" is the unique matrix AT € R"*™ such that AAT € R™*™ is
the orthogonal projection onto range(A4) C R™ and AT A € R™*™ is the orthogonal projection onto row(A4) C R™.

The pseudo-inverse always exists and can be constructed by AT = VE~1UT where USV T is a thin SVD of A.

Lemma F.1. Let A =UXV ' € R™*" be a matrix with 7 = rank (4) > 0 and let b € R™. The unique solution

2* = argmin ||Az — b||?
zeRn

is given by 2* = ATb with error ||[Az — b||> = 3, (u;] b)2.

i>r
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Proof.

| Az —b||* = HUTAJ: - UTb‘ |2 (U € R™*™ ig a rotation)
=||UTAVV T2 —UTb| |2 (VV'T € R™*" is the OP onto range (A))
—||zvTz—UTo||)?
= Z (o0 & — ujb)2 + Z (uzb)2
i<r i>r
>3 (ufy)”
i>r

with equality iff o;v © = u; b for every i = 1...r. Using the orthogonality of V, we achieve this equality by

N Ty — At
LE—Z pu 'U,L'— =

G Matrix Form of Cauchy-Schwarz
We write A = B to mean that A — B is positive semidefinite.

Theorem G.1 (Tripathi, 1999). Let u € R? and v € R? be random vectors with E {||u\|2} < ooand E [||v|\2} < 0.
IfE [U’UT] is invertible, then

E [uu—r] - E [uvT] E [U’UT} ! E [vuT]

Corollary G.2. Let u € R? be a random vector with E [||u||2} < oo. For any v € RP with E [||v\|2] < o0 such

that Cov (v, v) is invertible,

Cov (u,u) = Cov (u,v) Cov (v,v) " Cov (v, u)
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